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ABSTRACT
A class of zero-sum, two-person stochastic games is shown to have a value
which can be calculated by transfinite iteration of an operator. The games
considered have a countable state space, finite action spaces for each player,
and a payoft sufficiently general to include classical stochastic games as well

as Blackwell’s infinite G5 games of imperfect information.

1. Introduction

Let X be a countable, non-empty set of states, and let A and B be finite, non-
empty sets of actions for players I and II, respectively. Let u be a bounded,
real-valued utility function defined on X and let ¢ be a function which assigns to
each triple (z,a,b) in X X A x B a probability distribution g(e|z,a,b) on X.
The game starts at some initial state x. Player I chooses an action a; € A and,
simultaneously, player II chooses b; € B. (The players may choose their actions
at random.) The next state z; has distribution ¢(e|z,a;,b;) and is announced

to the players along with their chosen actions. The procedure is iterated so as to

generate a random sequence 1, z3,... and the payoff from player II to player I
is
(1.1) u* = limsup u(z,).
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This payoff function is quite general and includes, for example, the classical

li'r'n sup (Z r(z,-)) /n

payoff

=1
where r is a bounded, real-valued function on X. To see this, redefine the state

space to be the set of finite sequences (2, ...,2,) of elements of X and set

u(zyy...,Tn) = (Zr(z;)) /n.

i=1
It is clear how to redefine the law of motion ¢. One can also redefine the state
space to allow the payoff to depend on actions as well as states.

Similar, but slightly more intricate, transformations can be used to show that
our formulation includes the G5 games of Blackwell [2,3]. Indeed the operators
defined below are analogous to his.

The techniques which we use to show our game has a value are from the
Dubins and Savage theory of gambling [7]. If the action set B for player II is
a singleton, then the game is a nonleavable gambling problem for player I. An
operator solution to such problems was given by Dubins et al. [6]. Our approach
is an extension of their methods which involve the approximation of nonleavable
problems by leavable problems in which a gambler is allowed to stop play at any
time.

Similarly, we introduce a “leavable game” in which player I (but not player
II) can stop play at any time n and receive u(z,) from player II. It is shown in
section 3 that the leavable game starting from state z has a value U(z) which can
be calculated by backward induction as follows: To each bounded, real-valued
function ¢ defined on X, let Sp(z) be the value of an auxiliary one-day game
A(p)(z) starting from z with payoff ¢; i.e.

Se(a) = supint [ [ [ e )atdzle, o, butdayo(an)

where u and v range over the sets of probability measures on A and B, respec-

tively. Define
(13) Uo =u
and, forn =0,1,...,

(14) Un+1 =uVSUn.
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Here a V b is the maximum of a with b. Let
U= 51'11p Un.
Next define an operator T by the rule
(1.5) Tu = SU.

Equation (1.5) may be a little confusing at first glance since u does not appear
explicitly on the right side. We remind the reader that U is derived from u in
accordance with the equations above. For each initial state x, Tu(z) is the value
of a game in which player I can stop at any time n > 1 and receive u(z,) as will
be shown in section 3.

Now let

(16) Qo =Tu
and, for every countable ordinal £, let
Q¢ = T(u A(inf Qy)),
n<¢
where a A b is the minimum of a and b. Set

(1.8) Q = inf Q;

Because X is countable and the Q¢’s are decreasing, there is a countable ordinal
€* such that Q@ = Q¢+ and T(u A Q) = Q¢+ 41 = Q. It is shown in section 4 that
Q(z) = V(z), the value of the game with payoff u* starting from z.

Stochastic games were formulated by Shapley [14], with state and action spaces
finite and payoff function equal to the total discounted reward. Shapley proved
that his game had a value and that both players had optimal stationary strate-
gies. Thereafter, a number of authors considered the problem when the payoff
function is the average reward pay day. Notable contributors to the average
reward problem include Gillette [8], Hoffman and Karp [9], Blackwell and Fer-
guson [4] and Kohlberg [10], who solved different special cases of the problem.
The definitive solution of the problem was provided by Mertens and Neyman

(12], who used a difficult result of Bewley and Kohlberg [1] on the asymptotic
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behavior of the value of the discounted reward game as the discount factor tends
to one.

Blackwell [2] proposed a variant of Shapley’s game in which the law of motion
was eliminated but which allowed for payoff functions more general than either
the total discounted reward or the average reward per day. He proved that a
win-lose game, where the winning set for player I is a G5 subset of the set of
histories, has a value. In [3], he gave an operator solution of the game problem.
This paper, together with [6], forms the basis of the present article.

The next section has some definitions and preliminary results on strategies
and stop rules. Leavable games are treated in section 3 and our main result is in

section 4. The final section has three simple examples.

2. Preliminaries

Let Z = Ax B x X and define the space of historiestobe H = Z xZ x---. An
element h = (21, 22,...) of H will be written as h = ((a1, b1, 21), (az, b2, z2),...)
where z, = (@g, by, z,) for every n. We use pp(h) or, more briefly, p, to denote
the partial history (zi,...,z,).

Let P(A) and P(B) be the sets of probability measures on 4 and B, respec-
tively. Given z € X, p € P(A), and v € P(B), write m = m(z, i, v) for the
probability on Z given by

m{(a,b,21)} = p{a}v{b}e({z:1}|z,q,b)
for (a,b,z,) € Z.

A strategy o for player I is a sequence 0p,01,... where g € P(A) and, for
n > 1, o, is a mapping from Z" into P(A). A strategy r for player II is
defined similarly with P(B) in place of P(A). Strategies o and T together with
an initial state z determine a probability measure Py, = P; .. on the Borel
subsets of H. (The initial state  will usually be clear from the context and we
will usually suppress it.) Namely, the P, , distribution of the first coordinate
21 = (a1,b1,%1) is Py r, = m(z,00,70) and the Py, conditional distribution of

Zpn4l = (a,,+1, bn+l;$n+l) given Zly+ee92n 18
P, (8|z1,...,2n) = m(Zn,0n(21,...,2n), Tn(21, ..., 2n)).

If ¢ is a bounded, Borel measurable function from H to the reals, we will write

its expectation under P, , as f 9dP;  or E, +g.
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If o is a strategy and p = (z1,...,2,) is a partial history, the conditional
strategy o|[p] is defined by

U[p]f’ = aﬂ(p))

olplm(21s- -+ s 2m) = Ontm(21s- 120y 25 -1 20)

for all m > 1 and (29,...,2;,) € Z™. Given strategies ¢ and 7 for players I and
II, the probability Pyp),r(p] = Pr,,o[p,r[p] IS €asily seen to be a P, r conditional
distribution for (2n+1, Zn+2,...) given (z1,...,2,). Thus, if g: H — Ris bounded

and Borel measurable,

21) Bors = [Batpuihrntin(9pa(h)}dPo 1 (1)
where, for p = pp(h) = (21,...,2n), gp is the p-section of g defined on H by

(9p)(K'} = (9p)(21, 23, ) = (21, 2, 21, 205 - )

In the special case when g(h) = u*(h) = lim, supu(z,), the function u*p is just
u* and (2.1) simplifies to

Eg u* = / (Bolpn(m)],rlpn(r))t")dPo,r (h).

A stopping time t is a mapping from H to {0,1,...} U {oc} such that, for
n=0,1,...,if t(h) = n and h' agrees with h in the first n coordinates, then
t(h') = n. (Notice that, if t(k) = 0 for some h, then t is identically zero.) A stop
rule t is a stopping time which is everywhere finite.

If t is a stopping time, h = (z1,22,...) = ((a1,b,71),(az,b2,22),...), and
t(h) < oo, we define the functions z,z;,p; to have values Zi(h), Te(h) Pe(h) =
(#1,. .., z4(ny) at h. If t is a stop rule, Popp,),r(p] = Pr,,ofp),rlp:) 15 @ Po,r con-
ditional distribution for (zi41,2t42,...) given (z1,...,2:) and (2.1) generalizes

to
(2.2) Eqrg = / {Eoipe],ripe)(9pe) APy .
If t is a stop rule and p = (21,...,25,) is a partial history, define ¢[p] on H by

tlpl(z1, 2, ...) = t(z1y. o, 2n, 21, 25,...) — 1.
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Notice that, if t(z1,...,2n,...) > n, then t[p] is itself a stop rule in which case
t[p] is called a conditional stop rule given p. When p = (2), we write z for p
and t[2] for ¢[p].

There is a natural way to associate with every stop rule ¢ an ordinal number
J(t) called the index of t by setting j(0) = 0 and requiring, for ¢ > 0, that

j(@)=sup{j(t[z]) + 1: z € Z}.

This definition of the index is equivalent to that of Dellacherie and Meyer {5],
as was pointed out by Maitra, Pestien, and Ramakrishnan [11, Proposition 4.1].
Furthermore, j(t) is familiar to students of Dubins and Savage as being the
structure of the finitary function z, (cf. [7, sections 2.7 and 2.9]) except for
the uninteresting case when Z is a singleton. One of our arguments will use
transfinite induction on j(t) and it is important to notice that, for ¢ > 0 and all
z, j(t[z]) is strictly less than j(2).

Consider the special case of (2.1) where n = 1 and g = u(z,) for a stop rule
t > 0. Notice that (zy21)(22,...) = z{21,22,...) = Zyz)(22,.--) if we make the
convention that z,,)(22,...) = z1 when #[z;] = 0. Thus (2.1) gives

(23) Eﬂ,fu(xt) = /{Edlzl],T[lxlu(‘rf[ll])}dpo’oyfo(zl)'

We conclude these preliminaries by stating a result which is needed in order

to approximate the game with payoff u* by leavable games.

LEMMA 2.1: [15, Theorem 3.2] If u is a bounded, real-valued function on X and

P is a probability measure on the Borel subsets of H, then
/u’dP = infsup/u(:c,)dP
3 t>s

where s and t vary over the set of stop rules.

3. Leavable games

Let u be a bounded, real-valued function defined on X. Then u and an initial
position z determine a leavable game L(u)(z) in which player I chooses a
strategy o and a stop rule ¢, player II chooses a strategy 7, and II pays I the
quantity E, ru(z;). Here we allow ¢ = 0 and require zo = z.
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THEOREM 3.1: The leavable game L(u)(z) has a value U(z) = sup Un(z), where
the functions U, are as defined by (1.3) and (1.4).

For the proof, we will also consider, for n = 0,1,..., an n-day leavable game

Ln(u)(z) with the same rules except that player I must choose a stop rule t < n.

LEMMA 3.2: The n-day leavable game L,,(u)(x) has value U, (z), and both play-

ers have optimal strategies.

Proof: If n =0, the only stop rule allowed to player I is £ = 0. So the value of
Lo(u)(z) is clearly Up(z) = u(x).

Assume the result for n and let Un41(2), U,41(z) be the upper and lower
values for Ln41(u)(z).

To see that U, (z) > Un41(z), consider two cases. First suppose u(z) =
Un+1(z). Then player I takes t = 0 and any o to get E, ru(z:) = u(z) = Up41(z)
for all 7. Next suppose SU,(z) = Un41{z). In this case player I chooses oq to
be optimal in the auxiliary game A(U,)(z) defined in the introduction and, for
each z; = (a1, b1, 1), chooses a conditional strategy o[z1] and stop rule t{z] to
be optimal in £,(u)(z1). Then, by (2.3), for any r,

(3.1) Eqru(ze) = /{Ea[n],f[zl]“(xt[zl])}dpao,ro(zl)

> /Un(zl)dpdo,fo(zl)
> SUa(z)

= Un+1(z).

To see that Unt1(2) < Unt1(2), let 7o be optimal for player II in the auxiliary
game A(U,)(z) and, for each z; = (a1,b1,21), let 7[z;] be optimal for II in
L,(u)(z). Given any o and t < n+ 1 for player I, repeat the calculation in (3.1)
above. The inequalities reverse to give the desired result. |

The next lemma gives two useful properties of the operator S.

LEMMA 3.3: Let ¢1 < ¢ < --- be uniformly bounded, real-valued functions on
X. Then

(a) S¢1 < Sp2 and

(b) lim, Sy = S(limy @,).
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Proof: (a) is obvious. For (b), set ¢ = limg,. Fix z and choose yu € P(4) so
that, for all b € B,

//¢@Odhﬂ%m®MﬁﬂZSﬂﬂ-

Let € > 0. Then, for n sufficiently large and all b,
[ [ontnatdsilz,obutdn) = Sp(z) - e

Hence, for n sufficiently large, (S¢.)(z) = (S¢)(z) — €. |
LEMMA 3.4: u=Ug <U; <.
Proof: Use Lemma 3.3(a) or Lemma 3.2. 1

Let U(z) and U(z) be the upper and lower values of L(u)(z).
LEMMA 3.5: U(z) > U(z).

Proof: Let € > 0. Choose n so that U,(z) > U(z) — €. Let o,t be optimal in
Ln(u)(z). Then, for every 7, Eq ru(z¢) > Un(X) > U(z) — ¢ |

The next result in an extension to leavable games of a fundamental result of
Dubins and Savage [7, Corollary 2.14.1].

LEMMA 3.6: U is the least, bounded, real-valued function ¢ on X such that
(@) 2 v and (b)Syp < .

Proof: Suppose ¢ satisfies (a) and (b). So ¢ > Up = u. Assume ¢ > U,. Then
0> Sp>S8U, and p > uV SU, =Uynyy. Hence, ¢ > Uy, for all » and p > U.
Obviously, U > u, and, by Lemma 3.3(b), SU = S(limU,) = limSU, <

limU,,+1 =U. B

For each z € X, let v(z) be a probability on B which is optimal for player II in
the auxiliary game A(U)(z). Then define 7° to be the strategy for II such that

To — (2} and TE(z1,...,2n) = V(Zn) for all n and zy,..., zp.

(HCI‘(‘ I - {Ony bnamn)')
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LEMMA 3.7: U(z) < U(z) and 7% is an optimal strategy for player II in L(u)(z).

Proof: Let o be a strategy for player I and let £ be a stop rule. We will show

that
E, -u(z,) < U(z)

by induction on j(t). The inequality is obvious when j(t) = 0, i.e. when t = 0.
Let t be a stop rule with index j(#) = a > 0 and assume the inequality holds for
all o,z and stop rules of index less than a. Then, by (2.3)

Ed,f‘“(zt) = /{Ealnl,r'l “(mt[n])}dpao,V(z)(zl)

< [UaPrpuin(an)
< SU(z)
<U(z). ®
In view of Lemmas 3.5 and 3.7, the proof of Theorem 3.1 is complete.
The next result is a form of the optimality equation of dynamic programming.
Lemma 3.8: U=uV SU.

Proof: That U > u V SU is immediate from Lemma 3.6. For the opposite
inequality, fix z and suppose u(z) < U(z). Then, for n sufficiently large, u(z) <
Un(z) and so
U(z) =limUp41(z) = im SU,(z) = SU(z)

by Lemma 3.3(b). |

Consider now a slight modification £*(u)(z) of the leavable game in which
player I chooses a strategy o and a stop rule t > 1, player II chooses a strategy
7 and, as before, II pays I the quantity E, ru(z:). The only difference is that
player I is not allowed to take ¢t = 0.

THEOREM 3.2: The game L*(u)(z) has a value equal to SU(z) and 7%, as defined
before Lemma 3.7, is optimal for player IL

Proof: Fix r € X and let y be an element outside X. Consider a new problem
with state space X' = X U {y}, the same action sets as before, the same utility

v and law of motion ¢ on X and extended to y as follows:
u(y) = inf{u(z'): 2’ € X} - 1,
q(ely, a,b) = g(o|z,a,).
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In other words, the utility at y is such that player I has every incentive to leave y
and the law of motion from y is such that it takes the system to the same states
with the same distribution as the law of motion from z.

It now follows that the leavable game L(u)(y) is equivalent to L*(u)(z) as
player I has no incentive to use ¢ = 0 when the initial state is y. Thus U(y) is
the value of £*(u)(z) and, by Lemma 3.8,

U(y) = u(y) vV SU(y) = SU(z).
The proof of Lemma 3.7 shows that, for all 0 and ¢t > 1,
E, reu(ze) < SU(z).

So 77 is optimal. ]

As in the introduction, we denote the value of the game £*(u)(z) by Tu(z).

4. Nonleavable games

For each z € X, let M(u)(z) be the game described in the introduction in which,
starting from z, player I chooses a strategy o, player II chooses a strategy 7, and

II pays I the quantity Eq ru*.
THEOREM 4.1: The game N(u)(z) has a value V(z) which is equal to Q(z),
where @ is defined by (1.8).

Let V(z) and V(z) be the upper and lower values, respectively, of N(u)(z).

PROPOSITION 4.2: If ¢ is a bounded, real-valued function on X such that T(u A
@) 2 ¢, then V. > ¢. In particular, V. > Q.

Proof: As mentioned in the introduction, T(u A Q) = Q. So it suffices to prove
the first assertion. The proof is similar to that of Theorem 5.1 in [6], but, for the
sake of completeness, we will give the details.

Fix zo € X and € > 0. We will construct a strategy o for player I such that,

for every strategy 7 for I,
(4.1) Eqru* 2 ¢(z0) — e

The construction involves the composition of a sequence of increasingly better
strategies for I in the game L*(u A ¢). So, for each z € X and § > 0, let
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o(z,8),t(z,8) be §-optimal for I in L*(u A ¢)(z). Then, for every 7,

(4.2) E,(,,g),,(u A ¢)(x¢(z,5)) > T(u A (,0)(.’1:) )
2 o(z) — 6.
Now choose positive numbers &g, 81,... such that Y6, < € and, for each z

and n, set o™(z) = o(z,0n),ta(z) = t(z,6n). We take the strategy o to be
the sequential composition of the (o,,t,) starting from z,. Intuitively, o
follows 0°(zo) up to time #o(zo), then switches to 0*(z¢,(z,)) and so on. To be
precise, first define stop rules sy < s; < - - - by setting, for each h = (21,22,...) €
H,
so(h) = to(z0)(h),
sn41(h) = sa(h) + tas1(Ts, (2en 415 Zsnt2,- - -)-
Now define
o0 = 0°(20)o,
°(zo)n(214.-+,2n if n < so(h
In(215:0520) = {ak'(*'ltz:)v,,(t )l_,,(z,,l,, yz) i sk(h)oé 12 < sks1(h).
We shall now verify (4.1). Fix a strategy r for Il and let P = P, ,. The
expectations and conditional expectations below are all with respect to P.

Set ¥, = (u A p)(zs, ), n > 0. By assumption,
E(Yo) = ¢(z0) — bo
and, for n > 1,

E(Yulp-’n—l) Z (p(m’n—l) - 8"'

So, for n > 1,
E(Ya) 2 E(¢(2s,_,)) — bn

2 E(Yn-1) — bp.
By iterating this inequality, we get
E(Yn) Z E(YB) - (61 +62 +. 4 5n)
> @(xo) = (bo + 61+~ + 6n)
2p(z0)—e,  n20.

Hence
limsup E(Y,,) > ¢(zo) — €.
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But
E@w") = E(li’rln supu(zy))

> Bllimsupu(z,,))

> E(li'rln supYy,)

> li;n sup E(Y,)

2 p(zo) —e.
This completes the proof of {4.1) and of the proposition. ]
LEMMA 4.3: V < Q.

Proof: Tt suffices to show V < Q¢ for each countable ordinal £ and we will do
so by induction on £.
To see that V < Qy, fix z and let 7 be optimal for II in £*(u)(z). Then for

any o for I, it follows from Lemma 2.1 that

E,u* < sup Eq u(zy) < Tu(z) = Qo(z).
>1

Now let ¢ be a positive ordinal and assume that V < inf,<¢ Qy. Set Re =
inf,<¢ @y. To show V < Q¢, fix z and e > 0. We will find a strategy r for II
such that, for all o for I,

(4.3) E, u* < Qe(x) +¢

which clearly suffices.
To define 7, first choose 7! to be an optimal strategy for IT in £*(u A R¢)(z)
and, for every y € X, choose 7(y) for II in M (u)(y) so that, for all o,

(4.4) Eo7mu* < V(y) +€/2 < Re(y) + ¢/2.
For each h = (21, 23,...) = ((a1, b1, 1), (a2, b3,22),...), let
(4.5) A(h) = inf{k: u(zx) > Re(zr)}

Then A is a stopping time with oo as a possible value. Now take 7 to be that

strategy which follows 7! prior to time A and then switches to 7(z,); that is,

To = Tp,
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_ Tz, 20) if n < A(h),
Tn(zla...yzn) - {‘F(z,\)n_,\(z,\.‘,],...,zn) ifn 2 /\(h)

Fix a strategy o for I and we will verify (4.3). By Lemma 2.1, it suffices to
find a stop rule s such that, for all stop rulest > s,

(4.6) Ea,‘ru(zt) < Qf(z) t+e
To obtain s, first choose a positive integer m such that
(4.7) Py r[A < 00] < Py oA < m]+ €/(4(sup Ju| + 1)).

Also, for each partial history p = (z1,...,2,) with z, = (as, bn, ), use Lemma
2.1 and (4.4) to get a stop rule #(p) such that, for all stop rules ¢ > #(p),

(48) Ea[p],?(zn)u(zt) < R{(x") + 6/2

Now, for h = (21, z2,...), define

MR +Hpr) (zat1, 2ak2y---) i A(R) < m,
s(h)‘{m() P if,\Ehg>m.

Let t > s. To check (4.6), condition on pxa¢ and calculate:
Eoru(e) = [ Butpron(u(eip)iPar + [ u(z)dPas
A<t A>t
S / Ed[Px],?(IA)(u(xt[PA]))dP”:f + / w(z¢)dPo,r + €[4
A<m A>t

S/ Re(z2)dP, » +/ u(z¢)dP, , + 3¢/4
ALlm A>t

<[ Re(z:)dP,. + / w(ze)dPyr + ¢
A<t A>1

= /(u A Re)(@an, )dPy 1 + €

<T(uARe)(z)+e

= Q¢(z)+e
The first line above uses the equality 7{ps] = T(z) for A < co; the second is by
(4.7); the third by (4.8) and the fact that t[px] > s[pa] = t(pa) if A & m; the
fourth by (4.7) and the fact that sup |R¢| < sup|ul; the fifth by (4.5); the last

two lines are by choice of 7! and definition of Q, respectively. |
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Theorem 4.1 is immediate from Proposition 4.2 and Lemma 4.3.

Mertens and Neyman [12] showed not only that the average reward stochastic
game with finite state and action spaces has a value, but also that e-optimal
strategies exist which are also e-optimal for games of a sufficiently long finite
horizon. Theorem 4.1 implies that the average reward game with a countable
state space and finite action sets has a value. The stronger result of Mertens and
Neyman does not hold for games with a countable state space and finite action
spaces. We do not know whether our method of proof when specialized to finite
state and action spaces will yield the stronger result.

This proof that A'(u) has a value is analogous to that given by Blackwell in [3]
that his G5 games have a value. We could also imitate Blackwell’s earlier proof in
[2] by arguing as in the proof of Lemma 4.3 that T(uAV) >V and then applying
Proposition 4.2 to conclude that V. > V. Such a proof would be sightly shorter,
but less constructive as Blackwell pointed out. Our leavable game £*(u)(z) is the
analog of Blackwell’s auxiliary game. We are able to avoid use of Sion’s minimax
theorem, which Blackwell invokes to show that his auxiliary game has a value, by
reducing the game £*(u)(z) through backward induction to a one-shot game, at
which stage we can apply von Neumann’s theorem. As we will show in another
paper, the proof given here can be generalized to a Borel measurable setting. We

conclude this section with a characterization of V' similar to Theorem 7.1 in [6].

THEOREM 4.4: The value function V for the game N (u) is the largest, bounded,
real-valued function ¢ on X such that

(4.9) Tuhp)=¢

Proof: The function V is a solution to (4.9) because V = Q. Also, every solution

¢ of (4.9) is majorized by V as follows from Proposition 4.2. 1

5. Three examples

To illustrate the use of the operators, we present two simple examples. The first

is a very special case of a class of win, lose, or draw games which were suggested

to us by David Blackwell.

EXAMPLE 1: Let X = {w,l,d}; u(w) =1, u(l) = -1, u(d) =0; A= B = {0,1};
q(wl|w,a,b) =1 andq(l|l,a,b) =1 foralla € A,b € B; ¢(w|d,1,1) = ¢(I|d,1,0) =
¢(1)d,0,1) = 1, q(w|d,0,0) = ¢(d|d,0,0) = 1/2.
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To simplify notation, we write functions on X in vector form. So, for example,
the utility function u becomes u = (1,-1,0).

The value of the auxiliary game A(u) is easily found to be Su = (1,-1,-1/7)
and, hence, U; = u V Su = u. Consequently, U, = u for all n, U = u, and
Qo = Tu = Su = (1,-1,-1/7).

Similar calculations show that for n = 0,1,...,Qn41 = TQpn = (1,-1,20n41)
where 2o = —1/7 and zp41 = (zn — 1)/(zn + 7). Furthermore the z, decrease to
a limit z* = /8 — 3. It is easily checked that Q = inf @, = (1,—1,z*) satisfies
T(uAQ)=TQ = Q. So (1,-1,z*) is the value. [ |

The game of Example 1 is the same if we take the payoff to be

lim sup (Z u(z;)) /n.
" i=1

So its value could also be calculated from that of the discounted games as in [1].

The value for our next example, which corresponds to Example 1 of Orkin [13],

cannot be calculated from discounted games.

EXAMPLE 2: Let X = {w,l,9,d}; uw(w) = u(g) =1, u(l) = u(d) = 0; A =
B = {0,1}; ¢(w|w,a,b) = q(I|l,a,b) = 1 for all a € A, b € B, q(wlg,1,1) =
Q(wldvlvl) =1, q(glg,0,0) = q(yld,0,0) = 1, ¢(d|g,0,1) = Q(dld’o’l) =1,
9(llg,1,0) = ¢(!|d,1,0) = 1.

As in Example 1, we use vector notation. So u = (u(w),u(l),u(g),u(d))
(1,0,1,0,). The value of A(u) is found to be Su = (1,0,1/2,1/2) and U; =
uV Su = (1,0,1,1/2). One shows inductively, for n = 0,1,..., that SU, =
(1,0,2,,2n) where 2o = 1/2 and zp4; = (2 — z,)"!. Thus Upy1 = uV SU, =
(1,0,1,z,) and U = limU, = (1,0,1,limz,) = (1,0,1,1).

It follows that Qo = Tu = SU = (1,0,1,1) also and @1 = T(u A Qo) = Tu =
Qo. So Qq is a fixed point and V = @ = (1,0,1,1). |

Finally consider a modification I{u)(z) of the nonleavable game in which the

payoff from player II to player I is
uy = liminf u(z,).

Now u, = —(—u)*. So, if we reverse the roles of the two players, if follows from
Theorem 4.1 that the game I(u)(z) has a value, say W(z). Clearly W(z) < V(z)
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since u, < u*. For average reward games with finite state and action sets as in
Mertens and Neyman [12], the values W(z) and V(z) are the same. Here is a
simple example to show the values need not be the same for an average reward

game with a countable state space.

EXAMPLE 3: Let X be the set of all finite sequences ¢ = (ny,ngz,...,ng) of
positive integers; A = B = {1}; let G be a subset of the positive integers which
has inner density zero and outer density one, that is, if r is the indicator function

of G,

k
lim inf (Z r(i)) Jk=0,

k
liinsup (; r(z)) Jk=1;

define
1 &
u(ny,...,nk) = % ;T("i)

and
g((n1,n2,...,nk,nk + 1)|(n1,n2,...,n%),1,1) = 1.

Then, for every z, W(z) =0 and V{(z) = 1.
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